We extend the use of holography to investigate the scrambling properties of various physical systems. Specifically, we consider: (i) non-conformal backgrounds of black Dp branes, (ii) asymptotically Lifshitz black holes, and (iii) black AdS solutions of GaussBonnet gravity. We use the disruption of the entanglement entropy as a probe of the chaotic features of such systems. Our analysis shows that these theories share the same type of behavior as conformal theories as they undergo chaos; however, in the case of Gauss-Bonnet gravity, we find a stark difference in the evolution of the mutual information for negative Gauss-Bonnet coupling. This may signal an inconsistency of the latter.
Introduction and summary
In recent years, there has been an increasing convergence of interests among the quantum information, high energy theory and condensed matter communities. A common ground of this interdisciplinary interaction is the use of entanglement entropy (EE) to characterize quantum systems. In the gauge/gravity correspondence, the entanglement entropy of a boundary region A is determined by the area of the minimized codimension-2 bulk surface that coincides with the entangling surface at the boundary [1] [2] [3] . An extra ingredient is the association of the properties of a black hole in the bulk with a thermal state in the boundary theory, providing a powerful tool to answer questions regarding the thermalization of strongly coupled theories.
Equilibration in thermal systems has been studied in holography in a variety of settings via EE. Some of the most relevant approaches include calculating quasi-normal modes of small perturbations in the bulk geometry to determine the relaxation rate of the perturbation (near equilibrium) [4] and following the formation of a black hole in the bulk (far from equilibrium) [5] . The latter approach has been used to further understand the time evolution of entanglement entropy and mutual information as a system thermalizes [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Black holes are conjectured to be fast scramblers, meaning that they thermalize faster than other systems in nature [14, 15] . Specifically, the so-called scrambling time scales logarithmically with the black hole entropy,
This is the time scale at which all correlations in a system have been destroyed after introducing a perturbation. The scrambling time plays a crucial role in the evolution entanglement entropy.
In [16] , this was illustrated by looking at the time evolution of the two-dimensional thermofield double state (TFD)
where |i L and |i R are identical states of two quantum theories. The holographic dual of such a pure state is given by the eternal AdS black hole in 2 + 1 dimensions [17] . A perturbation to this state is introduced by adding a shock wave, with energy E at a boundary time t w , to the two-sided AdS black hole geometry. One can then characterize the dependence between the two boundaries by computing mutual information 1 ,
I(A, B) ≡ S
where A and B are space-like regions in each boundary. In the specific case of a 2 + 1 dimensional bulk, S A and S B are given by the length of the geodesic that extends between the boundary of the intervals A and B, respectively. The geodesic used to compute S A∪B is one traversing across the black hole horizon, joining the two boundaries. For large intervals (sinh( πφ β ) > 1, φ < π), the resultant mutual information is given by
where φ is the angular size of the A and B, is the AdS radius, and S is the black hole entropy. From this expression, it can be seen I(A, B) vanishes when (for β ),
This disruption of the entanglement, which corresponds to the saturation of mutual information, is evidence of the state's high sensitivity to variations of initial conditions, a phenomenon known as the butterfly effect. Because mutual information acts as an upper bound on the correlations between the subsystems, the scrambling time defined in this fashion sets the time at which any sort of dependence between the A and B has been erased [19] [20] [21] . This analysis has been generalized to AdS d in [22] , multiple shock waves [23] , and localized shock waves [20, 24] . Likewise, the stringy corrections of the scrambling time were presented in [25] .
In a follow up work, a bound on how fast a thermal quantum field theory (QFT) can develop chaos was conjectured in [26] . Based on the results from Einstein gravity calculations [16] , a bound on the largest Lyapunov exponent was proposed λ L ≤ 2π k B T 2 .
In this article, we extend the scope of the use of holography to investigate the chaotic behavior, and in particular the scrambling time, of various systems which have not yet been explored: (i) The non-conformal backgrounds of black Dp branes [28] . (ii) Black holes of asymptotically Lifshitz non-relativistic backgrounds [29] (iii) Conformal backgrounds which are solutions of the Gauss-Bonnet gravity [30] [31] [32] [33] [34] .
Our analysis is based on the idea, suggested in [16] , of using the disruption of the entanglement entropy as the probe of chaos. We apply the procedure and techniques presented in [22] on the three classes of background mentioned above. The procedure includes the following steps: (i) We compute the entanglement entropy S A and S B associated with a strip of width L. This includes the renormalization of the EE's by subtracting the divergent parts of them. (ii) We compute the mutual information I(A, B). (iii) We introduce a null perturbation in the form of a shock wave and determine the corresponding backreacted geometry. (iv) We re-express the metric in Kruskal coordinates u and v. The shock wave propagates along a constant u and causes a shift in v denoted by α (see (2.8) ). We compute α and get an approximation of the scrambling time t * from the condition of α ∼ 1. (v) We compute the dependence of α on r 0 , the value of the radial coordinate of the tip of the entangling surface, and then obtain the mutual information I(A h , B h ) associated with the shock wave as a function of α; in particular, we obtain numerically α * , where I vanishes. For the cases of the Dp-brane and Lifshitz backgrounds, we determine EE using the prescription of [1, 3] whereas for the GB gravity we adopt the prescription of [32] and [33] .
The outcome of our holographic analysis is the following:
• The dual gravitational description of Yang Mills theories in p + 1 dimensions with 16 supersymmetries in terms of the Dp backgrounds is reliable only in range of values of the effective coupling where the corresponding curvature and string coupling are small [28] . Our analysis of the mutual information in this range shows that the behavior for p ≤ 4, p = 3 the non-conformal cases is similar to that of p = 3 the conformal case. We found that the dependence of I on α becomes steeper upon increasing p for p < 5. For p = 5 the situation is just the opposite and the dependence is flatter. The fact that for p ≥ 5 the dependence is different is consistent with the findings of [35] and [36] .
• For the Lifshitz non-relativistic backgrounds that are characterized by a different scaling of the time and space directions, we found that basically the behavior is like for the relativistically invariant backgrounds. The dependence of α on the width of the interval L is steeper as one increases z and the dependence of I on α is flatter, namely, I vanishes at a larger values of α
• In the GB gravity, for positive coupling λ which is in accordance with causality [37] , the dependence of the mutual information in the presence of a shock wave on α is smooth and monotonically decreasing, in a similar manner to that of the usual Einstein gravity case. α * , where the mutual information vanishes increases with the increase of λ. On the other hand for negative λ and in the allowed region according to [37] we encountered an anomalous "cusp" behavior depicted in Figure 14 . This follows from the fact that z 0 is a double valued function of α, namely, for any given value of α there are two values of z 0 and hence two values of the mutual information I. Note that whereas around z 0 that hits the singularity the curvature is large, this is not the case for the point of the "cusp". This type of anomalous behavior was detected also in the computation of the entanglement entropy in [38] . It does not seem likely that it signals a special behavior in the dual boundary field theory but rather that the GB gravity maybe inconsistent. An inconsistency with causality was found in [39] though there the causal behavior was found out to for both positive and negative values of λ and in our case it is only for the latter.
The paper is organized as follows: In the next section we describe the determination of the scrambling time in general. Section 3 is devoted to the analysis of the chaotic behavior associated with non-conformal backgrounds of the form of Dp branes. In section 3.1 the geometry of black Dp branes is reviewed. We then compute the mutual information in these geometries in section 3.2. In section 3.3 we write down the relation between α and t * and determine the latter. The Penrose diagram associated with the minimal surface in the presence of the shock wave is drawn in section 3.4. We then compute the relation between α and r 0 . We then determine the mutual information as a function of α in section 3.5. Section 4 is devoted to the case of asymptotically Lifshitz non-relativistic background. In section 4.1 we review the basic properties of the Lifshitz backgrounds and write down an action of a particular model and its corresponding metric. The mutual information of this system prior to introducing the shock wave is written down in section 4.2. In section 4.3 we introduce the shock wave and approximate the scrambling time. The description of the extremal surfaces for half plane in TFD is given in section 4.4 and the calculation of the mutual information in section 4.5. In section 5 we present the analysis of the holographic mutual information in the case of GaussBonnet higher curvature gravity. In section 5.1 we present the action and the corresponding metric solution of the equations of motion. 
Scrambling time in general geometries
In this section, we summarize the generalities of the scrambling time calculation in an eternal black hole geometry. We follow the analysis of a generic metric presented in the appendix of [16] . Let us start by considering a d + 1-dimensional metric of the form,
We further assume the existence of a non-extremal horizon at r = r h , such that f (r h ) = 0 and f (r h ) = 0. The inverse Hawking temperature associated with the black hole is given as
We then rewrite the metric using the Kruskal coordinates,
3)
where dr * = dr f (r) is the so-called tortoise coordinate, which behaves such that r * → −∞ as r → r h .
We now add a global null perturbation of asymptotic energy E M (M is the ADM mass) at time t w and radius r = Λ.ũ,ṽ denotes coordinates to the left of the perturbation and u, v to the right. The shell propagates on a u = const surface given by,
We patch the two sides of the geometry along this surface, using the following matching condition,ũ
We expect that at large t w and order O(E)
The Penrose diagram corresponding to the backreacted geometry is presented in Figure 1 . For small E we can approximateũ w = u w . Large t w pushes r to r h , so that we can approximate f (r) = f (r h )(r − r h ) + · · · . Then e f (r h )r * = (r − r h )C(r, r h ), where C(r, r h ) is smooth and non-zero at r = r h . Then, to linear order in E,
By Bekenstein-Hawking area formula we can relate r h and the entropy 3 ,
where,
is the area of the horizon. Now we can use the first law,
The scrambling time is given by t w = t * when α ∼ 1 [16] . Inverting that,
It is noteworthy that although the coordinate r * can be shifted by a arbitrary constant, t * is not changed by it, as the combination r * (Λ) − β 2π log C(r h , r h ) is invariant under this shift.
3 This result is valid also for higher derivative black holes with planar horizon [30] Let us define two dimensionless constant c 1 , c 2 depending on the details of the geometry (as illustrated in following sections),
For shock wave energy (density in case of non compact horizons) E ∼ T ,
Notice that S BH denotes entropy density in case of non-compact horizons.
The butterfly effect in non-conformal backgrounds
In this section, we want to study the disruption of mutual information in non-conformal theories in p+1 dimensions. These are theories that correspond to black p−brane supergravity solutions [28] . We begin by describing the bulk metric in the Einstein frame and computing the mutual information for the unperturbed geometry. We then proceed to find the scrambling time after adding a shock wave perturbation to the two-sided black hole, and conclude by numerically verifying the disruption of mutual information between the two boundary theories.
Black Dp-brane geometry
We consider the near extremal black p−branes whose geometry is given by [28] 
where
and the dilaton field is
This background is dual to super-Yang-Mills in p + 1 dimensions. The non-trivial dilaton corresponds to the running of the coupling constant
s . The validity of the supergravity solution requires,
such that both the dilaton and the curvature are small.
For convenience, we will use a coordinate re-parametrization of the Einstein frame in our calculations. The Einstein frame metric is obtained by the following transformation of the metric in 9 + 1 dimensions, g
Then, the resultant metric is given by
Now, we perform the coordinate redefinition
under which the metric in Einstein frame can be written as
In this geometry, the temperature and entropy density 4 are given by,
N is the 't Hooft coupling in the dual field theory. In the following subsections, we will use this metric with the change in notation, for convenience, r ≡ ρ, r h ≡ ρ h , and ≡ n R p . (3.14) 4 We have used the relations of 10−dimensional Newton's constant to gs,ls :16πG
Mutual Information in black Dp-brane geometries
In this section, we present an overview of the mutual information between the two boundaries of an eternal black hole in the Dp-brane background. Specifically, we compute the mutual information (1.3) between two strips A and B contained in the left and right side of the geometry respectively 5 . To achieve this, we must compute the EE between each strip and the rest of the system (S A and S B ), and the EE of their union (S A∪B ). We begin by reviewing the calculation of the holographic EE of an interval using the background given by (3.10) with the coordinates defined in (3.14). Each interval is defined along the coordinates
The holographic prescription [40] stipulates that S A (or S B ) is given by the codimension-2 minimal surface, in the bulk, whose boundary is the same as the boundary of A (or B). We parameterize this surface by x = (y(r),
where G (8) ind is the induced metric on the surface, using (3.10). This yields
where denotes the derivative respect to r and V is the volume in the transverse directions. The absence of y in the Lagrangian allows us to write the conservation equation
Solving for y gives us the relation between the width L and the turning point r min ,
On the other hand, plugging (3.17) into (3.16) gives us S A as a function of r min ,
5 We will also refer to these strips as "intervals" in the rest of this article
In order to take care of the divergent contribution to (3.20), we set a cutoff at r = Λ. Then, the divergent part of the entropy is
which should be subtracted from (3.20) .
To perform the integrals above, it is convenient to redefine the radial coordinate
which leads to
and
In the appendix, we include some analytic expressions that approximate the result in equations (3.24) and (3.27). Finally, we compute the area of the surface that interpolates between the two boundaries. This area corresponds to four times the area of a surface that divides the boundary in half and extends from one boundary to the black hole horizon. Definingũ ≡ u/r H ,
. Thus, the mutual information between A and B is given by
The mutual information defined above is non-zero only when the expression in first bracket is positive. Mutual information between the regions in the two boundaries is relevant for values of L > L c . The critical L c , beyond which for which mutual information is non zero, as a function of the horizon r H is depicted in Figure 2 . 
Shock wave in black Dp branes and scrambling time
Let us now consider the back-reacted geometry due to a shock wave in the background of black Dp branes. The analysis is a specialization of that in Section 2. The back-reacted geometry is given by a shift α in v coordinate and is given by (2.12),
)+γ+log(n(7−p)) , p = 5 = 4 = c 1 , p = 5; ω was defined in (3.18), ψ(x) is the Digamma function and γ is Euler Constant. E is the energy density of the perturbation and S BH is the black brane entropy density.
Following (2.15), the scrambling time is given by setting α = 1 and E ∼ T , which yields
where c 1 , c 2 , r * (Λ) are as given in previous equations. Notice that for p < 5, r * (Λ) → 0 as Λ → ∞ but for p ≥ 5, r * (Λ) is divergent. We will not try to draw conclusions in the case p = 5, in the rest of the article, as the thermodynamics or holography in general is not very well defined for D5 brane [35] . 
Extremal surfaces for half plane in TFD
We now compute EE using the bulk geometry given by Einstein frame metric (3.10) in the presence of a shock wave. We consider the case where the entangling region (A h /B h ) at the left/right boundary, which is half of the space parallel to the brane and filling up the transverse direction. Then due to symmetry the minimal surface corresponding to the entangling region A h ∪ B h , in the bulk, divides the space parallel to Dp brane in half, and area minimization is reduced to a two dimensional problem. The surface is given as r(t). Then the induced metric on the bulk surface is
The area functional for the minimal surface is then given by
where, m = σ + n 16 (7 − p) 2 (σ is defined in (3.21) ). The conserved quantity associated with t-translation symmetry,
where r 0 is defined as the coordinate for whichṙ = 0. r 0 is assumed to be lying inside the horizon, thus, f 0 = f (r 0 ) is negative. In the limit r 0 → r h , we have γ → 0, and this should correspond to the limit α → 0 where the shock wave is absent. The time coordinate t as a function of radius r along the extremal curve is given by,
The entanglement entropy is given by [2, 40] ,
Let us divide the minimal surface of the left half in three parts, as in Figure 3 . The first segment goes from boundary at (u Λ , −u Λ ) to v = 0 ( at some value of u), the second from v = 0 to r = r 0 (at some value of t), and third from r = r 0 to u = 0. We can now compute the area of each segment, and multiply the answer by two to get the total area. The second and third segments (r = r h to r = r 0 and back) manifestly have same area. So the total area is given by twice the area of the first segment and 4 times the area of the second segment. The entanglement entropy/ area of the minimal surface is a function of r 0 , which can be related to α as explained in the next paragraph.
Following a similar analysis as that in [22] , we obtain a relation between α and r 0 (see eq.(36) in [22] ),
37)
where (ū,v) is a reference point in the interior of the black brane i.e. at some radial coordinate r =r < r h . If we choose r * (r) = 0, thenūv = 1 [22] . Figure 4 shows numerical plots of dependence of α on r 0 r h for various p. We can show that this behavior is independent of temperature for Λ r h
1.
We can now use the relation between α and r 0 , to get EE as a function of α. The resultant EE has divergent contributions that are α-independent. We can define a renormalized entanglement entropy as,
These calculations can be performed analytically for p = 5 as given in Appendix B. We use the results in AppendixB to test our numerics.
Mutual Information in shock wave black Dp brane
Let us now consider the two strip-like regions A and B in the left/right boundary same as that considered in Section 3.2. We are again interested in the mutual information for this configuration, but now with a backreacted geometry due the presence of a shock wave. S A + S B is not affected due to the shock wave as the corresponding surface does not cross the horizon, so we can use the result in Section 3.2. We can easily verify, 39) where I N SW (A; B) is the mutual information computed in absence of the shock wave as computed in Section 3.2 and S reg A∪B (α) is the regularized entanglement entropy for half-regions as computed in Section 3.4. Following the definition of mutual information, whenever the result is negative, it should be considered as zero. For a given length of the strip L in units of temperature, we can define α = α * where mutual information vanishes.
The behavior of mutual information as function of α and α * as a function of horizon radius is represented in Figure 5 . Note that we are only interested in the behavior of mutual information as a function of α and not the value itself, so we have neglected overall constants. From Figure 5 , it is clear that α * is independent of temperature or r h , as long as we keep the length of the boundary strip fixed in units of temperature. The value of α * decreases as we increase p from 0 to 4 for a given length of the boundary strip in units of temperature. The behavior for p = 5 does not match this pattern. Figure 6 shows the behavior of α * as a function of the length of the boundary strip in units of temperature. We now translate the behavior of α * to that of t * using (3.28) (with E ∼ T ),
We know from (3.13),
where the function s(p, λ, β) can be read off from (3.13) and is some O(N 0 ) number, similar to the terms log 
A black hole in asymptotically Lifshitz solutions

Bulk metric
In this section we shift our interest to chaos in non-relativistic field theories. We are particularly focusing on non-relativistic scale invariant field theories which arise as a fixed point description of various condensed matter systems. The scale invariance (at Lifshitz Fixed Point) is given by,
In contrast to conformal fixed points, which correspond to z = 1. z is called dynamical critical exponent. This anisotropic scaling of space and time makes these theories explicitly non-relativistic. Holographic duals of such theories were proposed in [43] , which were later generalized in [29, 53] . These dual gravity solutions are generically known as Lifshitz Solutions. For a more recent review on this topic see [54] . In particular, thermalization in these nonrelativistic systems was studied holographically in [55, 56] .
Now we look at an example of a black hole in an asymptotically Lifshitz background found in [29] . In that work, the authors consider a 2 + 1 boundary. The bulk geometry is a solution to the equations of motion derived from the action
where A is a vector field and F is the respective strength form. The solution to the equations of motion is given by
The surface gravity of the black hole in (4.3) leads to the temperature
The metric (4.3) does not have the property g tt g ρρ = −1, which would facilitate the definition of the Kruskal coordinates as in previous examples. However, we can redefine the radial coordinate 6) which leads to the metric
which is equipped with a temperature
and entropy,
Here we have rescaled the coordinates x = {x 1 , x 2 } by z 1/z .
Mutual Information
Now we compute again the mutual information between two strips A and B, contained in the left and right side of the geometry respectively. The strips are defined as 0 < x 1 < L and 0 < x 2 < V (V → ∞). We use the metric given by (4.7). The entanglement entropy of one strip, S A or S B , with width L is given by the area
In order to take care of the divergent contribution to (4.10), we set a cutoff at r = Λ. Then, the divergent part of the area is
r min and the width L are related by
(4.12)
The finite part of the area is defined as,
Now, we compute the area of the surface that interpolates between the two boundaries. This area corresponds to four times the area of a surface that divides the boundary in half and extends from one boundary to the black hole. Definingũ ≡ u/r H ,
Thus, the mutual information between A and B is given by
The critical L c , for which mutual information vanishes, as a function of the horizon r H is depicted in Figure 7 .
Shock wave in Lifshitz black hole and scrambling time
Let us now consider the back-reacted geometry due to a shock wave in the background of Lifshitz black-hole. The analysis is a specialization of Section 2. The back-reacted geometry is given by a shift α in v coordinate and is given by (2.12),
)+γ , where ψ(x) is the Digamma function and γ is Euler Constant. The heuristic scrambling time is given by setting α = 1 and E = T is given by (2.15),
where c 1 , c 2 , r * (Λ) is as given in previous equations.
Extremal surfaces for half plane in TFD
In this section, we analyze the extremal surface that extends between the two boundaries of the geometry (4.7) in the presence of a shock wave. We consider the case where the entangling region (A h /B h ), at the left/right boundary respectively, is half of the space parallel to the brane and fills up the transverse direction. This analysis is similar to that done in Section 3.4. The time coordinate t as a function of radius r along the extremal curve is now given by,
and r = r 0 (< r h ) is the deepest the surface penetrates the region beyond the horizon, as described in Section 3.4. The entanglement entropy is given by,
The entanglement entropy is a function of r 0 , which can be related to α, the shift in the shock wave geometry, similarly to Equation (3.36) . Figure 8 shows a numerical plots of dependence of α on r 0 r h for various z. We can show that this behavior is independent of temperature for 
Mutual Information in shock wave Lifshitz Black Hole
We now calculate mutual information in the Lifshitz Black Hole in presence of a shock wave, for two-strip like regions defined in Section 4.2. We follow the calculation in Section 3.5. Figure 9 shows the behavior of mutual information for various z as function of α for a fixed L in units of temperature (i.e. fixed L(2πT /z) 1/z ). α * gives the value of α for which the mutual information vanishes. We can easily notice that α * increases with z for length of the boundary strip fixed in units of temperature. Also α * is independent of r h or temperature for a given z and length of the boundary strip fixed in units of temperature. Figure 10 shows variation of α * with the length of the boundary strip fixed in units of temperature.
5 Gauss-Bonnet gravity
Black hole geometry in Gauss-Bonnet gravity
Finally, we would like to include in our analysis higher curvature corrections to the conformal case studied in [22] . Specifically, we focus on the planar black hole solution in Gauss-Bonnet Figure 10 . α * as a function of length of the boundary strip fixed in units of temperature for various z.
gravity. The Gauss-Bonnet correction to the action for the 5-dimensional bulk in is given by [30] [31] [32] 34 ]
1)
where R denotes the Ricci-scalar. The equations of motion that follow from this action are given by
It can be checked that background metric
obeys the equation of motion in (5.3) and that, in the λ GB → 0 limit, we recover the AdSSchwarzschild background. Additionally, in this geometry, the singularity is at infinity for positive λ GB , and at z =
The temperature in these coordinates is given by 1/T = β = πf 0 z h , and the entropy and energy densities are
where we have imposed the boundary condition that at z = z min , z (x) → 0. A more convenient way to parametrize the minimal surface is by using x(z) instead. In such a choice, we obtain the momentum conservation equation
(5.13)
By defining the rescaled coordinate τ ≡ z/z * and ζ(τ ) ≡ x 2 , we obtain the width of the intervals A and B L = 2 14) and the entanglement entropy is given by
On the other hand, the entanglement entropy S A∪B is given by four times the area of the surface that extends from (z, x) = (0, L/2) (or equivalently (0, 0) due to translation symmetry) to the horizon, (z, x) = (z h , L/2). This results in
Thus, the mutual information between the intervals is given by
For low values of z min (i.e. small width L), the mutual information vanishes since the sum of the individual entanglement entropies, S A and S B , is smaller than S A∪B . However, as z min approaches the horizon z h , I(A, B) becomes non-zero and is given by the first line in (5.17) . Figure 11 shows the values of the interval width for which mutual information vanishes, for different values of λ GB .
Shock wave geometry and scrambling time
Let us now estimate the scrambling time by analyzing the perturbed geometry when a null shock wave is added from the left boundary (see Figure 3) . First, for the sake of comparison with previous sections, let us define r ≡ 2 /z and rewrite (5.6) as
where now The temperature is given by 20) which depends on λ GB through f 0 (see (5.6)).
The tortoise coordinate and the Kruskal coordinates are defined in the standard way. The backreaction of the shock wave into the geometry can be approximated again by a shift in the Kruskal time v → v + α. The tortoise coordinate r * is found to be
As in the previous section, the scrambling time is then estimated by setting α ≈ O(1), which leads to 23) for small values of |λ GB |.
In the next subsection, we will compute numerically the evolution of mutual information as a function of α to confirm that, indeed, it vanishes as α approaches values of order O(1).
Disruption of Mutual Information after the shock wave
Now we want to find the extremal surface that interpolates between the half plane on one side (A h ) to the other side (B h ) of the two-sided geometry. We use as (5.6) as the bulk metric. Similar to previous sections, we parameterize the surface by z(t), in which case the induced surface is 24) and the effective action to be extremized is
Now the conserved quantity corresponding to the t−translation invariance is
Using t(z) to parameterize the surface, and defining η(z) ≡ t (z) 2 , we obtain 27) where η(z) is obtained from the real solution to the equation
In order to find a relation between α and z 0 , we divide the extremal surface in three sections, in the same way as explained in Section 3.4, using dz * ≡ −dz/f (z). In this case, we obtain α = 2 e K 1 +K 2 +K 3 (5.29)
wherez is, again, a surface inside the black hole where z * = 0. Figure 12 depicts α as a function of the "turning" point z 0 . In the case of positive λ GB (green line), we see that the rapid growth is enhanced and qualitatively does not differ from the gravity calculations Einstein. However, a drastically different behavior is found for negative values of the Gauss-Bonnet coupling. In that case, α reaches a maximum value and then decreases until it reaches a critical value. This last value corresponds to the fact that z 0 has reached the singularity. We will see what this implies for EE and mutual information in the next paragraphs. The entanglement entropy that corresponds to the extremal surface described above is given by
In Figure 13 we show mutual information as a function of α, which is given now obtained by subtracting (5.30) from twice the result of (5.15). For positive λ GB , the behavior is similar to the case of no Gauss-Bonnet coupling, and mutual information indeed vanishes for α ∼ O(1) as assumed in the calculation of the scrambling time in Section 5.3. For negative λ GB , however, we notice here an anomalous behavior, due to the existence of two values of z 0 for a given value of α (see Figure 12) . Following the prescription from [3] to compute S A h ∪B h , we must choose the surface with smaller area. This implies a "jump" in the evolution of entanglement entropy and mutual information as the dependence between the two sides is erased. Likewise, there is a second discontinuity at the end of scrambling which happens when the disconnected regions at each side of the eternal black black hole have a greater area than the surface that interpolates between the two boundaries. This is further illustrated in Figure 14 . It is worth noticing that a similar behavior was also found in the analysis of EE in a Vaidya-like background in [38] .
Outlook
In the context of generalized holography (not restricted to asymptotically AdS space times), we have shown that the dual thermal field theory scrambles information at time scales given by β 2π log S. There are in general some sub-leading corrections which depend on the various parameters of the bulk geometry. The scrambling behavior was studied (holographically) by following time dependence of thermo-mutual information for some given region in the boundary theory. For non-conformal and non-relativistic cases, the behavior was found to be similar to the conformal case with a = c. In case of theories dual to Gauss Bonnet Gravity, corresponding in particular to the conformal case with c = a, the behavior is very different depending on the sign of Gauss Bonnet coupling. The results were summarized in the introduction to this article. We would like to conclude by mentioning some of the open issues to which we want to return in future work.
• Thermo-mutual information [18] , studied here as a probe of scrambling, involves regions in two different field theories of the thermofield double. It will be interesting to understand the map of thermo-mutual information to a probe defined only on one side, generalizing the map in case of 1 + 1 dimensional CFT, studied in [18] .
• The scrambling time (t * ) is defined by considering vanishing of this thermo-mutual information [16] . Alternatively scrambling time (t * ) is also defined by exponential fall of a function F (t) [26] defined in terms of four point functions in the field theory. In the case of the BTZ black hole and its dual theory, it can be shown [16] that the two scrambling times are essentially the same, at least in case of some heavy operators.
However, a precise connection between the two is still missing in the literature.
• In the alternate probe of scrambling in terms of four point functions, the Lyapunov exponent provides the rate of exponential decrease of F (t) at early times [26] ; whereas the late-time decay is characterized by the poles of the Green's function, which holographically correspond to quasinormal modes. In [26] , a bound on the Lyapunov exponent was also proposed. A precise definition of the Lyapunov exponent in terms of the behavior of mutual information would be very useful.
• In this note ,we considered the Gauss Bonnet higher curvature gravitational theory. An interesting question is obviously how would the mutual information behave in the cases of other higher curvature corrections to the gravitational action.
and r = Λ is set as the cutoff. The divergent part of the area yields Now we would like to have some analytic approximation for these results. To do so, we use the fact that r min > r H , and perform the series expansion [46] Both expressions are convergent and finite for the case r min r H . But we are interested in the case where r min ∼ r H , since this is the regime where mutual information will become very small. In order to obtain a convergent expression, we need to reorganize (A.8). Using the properties of the gamma function we can rewrite the coefficients of the sum in (A.8) and write the area as This equations clearly shows that there is critical value of x 0 = x crit = 2 − 1 4 beyond which surface does not penetrate the horizon.
We can invert this relation to get x 0 in terms of α, We can now calculate the area for this surface which will correspond to S A∪B . This has two ultraviolet α independent divergence (∼ Λ 4 , log(Λ)) piece. The regularized entanglement entropy (defined in (3.38) ) is given by, . The regularized entanglement entropy for large α grows as log α.
